1. (20 points total) In one dimension, a particle of mass m is in a harmonic potential with potential energy
Vo(z) = Smwia?. For times ¢ < 0 the system is in its ground state. Then at ¢ = 0, the potential is suddenly changed
to Vy(x) = 3mwia?. Here wy and w; are constants that represent the classical frequency of oscillation.

(a) (5 points) What is (£) right before this change?

(b) (5 points) What is (£) right after this change? Hint: (i) The state of the system does not discontinuously
change and so right after the change it has the same wave function it had right before the change. (ii) For all energy
eigenstates of a harmonic oscillator, (V(z)) = (K), where V(x) is the potential energy and K is the kinetic energy
(iii) For a harmonic oscillator, relate (V(x)) and (K) to (E). X

(¢) (5 points) What is (E) at a function of time ¢ where t > 0. Hinl: use the equation for %(Q) from the formula
page below to determine how (E) depends on time.

(d) (5 points) For any time ¢ > 0, what is the probability of measuring the energy to be the new ground state energy

E = hwy /27

2. (20 points total) A free particle in one dimension of mass m has a wavefunction at ¢ = 0

. 1 —z? )

U(x) = W exp(m) exp(ikr)

Here “free particle” means that the potential energy is zero. k and o are real constants.
(a) (10 points) Calculate (p) at t = 0.

(b) (10 points) Calculate (p) for any time ¢t > 0. Hint: use the equation for
determine how (p) depends on time.

4
dt

(Q) from the formula page below to

3. (20 points total) A particle has two states that it can be in. One is where it is at a site A, and the other at an

adjacent site B. These can be represented by the two basis states

o ) = ()

meaning that in state 124, the particle is only at site A and in state ¢g, that the particle is only at site B.
The general state of the system is a linear combination of these two states. In this basis, the Hamiltonian is

A 01
H = hw
where w is a constant with units of frequency.
(a) (10 points) Find the energy eigenstates and eigenvalues for this Hamiltonian.

(b) (10 points) Assume that at ¢ = 0, the particle is observed to be on site A. Calculate the probability that if

observed again. at a time ¢, that the particle will be found to be on site B.

4. (20 points total) A particle, with mass m is confined to a two dimensional rectangunlar box of length 2a along
the r axis, and a along the y axis. That is, the potential energy is 0 if 0 < x < 2a and 0 < y < a, and is infinite
otherwise.

{a) (10 points) Calculate the ground state and first excited state wave functions and their corresponding energies.
For this part of the problem, vou do not need to consider the particle’s spin.

(b) (10 points) Consider the same situation but with the addition of a second identical particle. Both particles are
spin 1/2 fermions. Calculate the total gronnd state energy and two particle wave function. This wave function should
include the spin.

5. (20 points)

Two spin 1/2 particles are prepared in the state |—»—) that is, each spin is in an eigenstate of its S, operator with
eigenvalue fi/2. This is analogous Lo Lthe notation |11} representing each spin being in an eigenslate of its S operator
with eigenvalue hif2.

What is the probability that the system will be obgerved in the state |sm} where s is the total angular momentum
and m is the total angular momentum in the = direction. Find the probabilities for all four possible states.
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2. (20 points total) A free particle in one dimension of mass m has a wavefunction at ¢t = 0
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3177 X

Here “free particle” means that the potential energy is zero. k and o ayf real constants.
(a) (10 points) Calculate (p) at ¢t = 0.

(b) (10 points) Calculate (p) for any time ¢ >
determine how (p) depends on time.
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3. (20 points total) A particle has two states that it can be in. One is where it is at a site A, and the other at an

adjacent site B. These can be represented by the two basis states
-
1 0
ba=|,) and ¢¥p = 2
VA <”> and ¥ (1) (2)

meaning that in state ¢4, the particle is only at site A and in state ¢/g, that the particle is only at site B,
The general state of the system is a linear combination of these two states. In this basis, the Hamiltonian is

- 0 1 p
= hw -
H 1 ( 1 0) (3)
where w is a constant with units of frequency.

(a) (10 points) Find the energy eigenstates and eigenvalues for this Hamiltonian.

(b) (10 points) Assume that at ¢ = 0, the particle is observed to be on site A. Calculate the probability that if
. . . . - e

observed again, at a time £, that the particle will be found to be on site B.

@) Py (?é)) cle,t((ﬂlo'),}f:)

;OlE/t(’J\ ' ) = 7\‘7”,;,0 /;\‘,s ef,_er\\/culme)
N

¢0, M=l )(b)’llb hfi7= (-b)

Iy L
we  get U\W\;ﬂte, No=Cp) = ﬁ( |) = 5 0haryp)

-on Ny we f)e’t) .
)(b)"lcb with [h= 5

.\(b)) ﬁ(z|) H’L «ﬁl*/\"‘*ﬁ)

Fov He b (g) . ve g

el au\ velug "m stutr

W ﬁ(‘h\’r Yg) =

@ -—’KV‘) %. ('\M- ‘45) = ﬁ‘ Ll])

G R, Trtes KBS A g0, we haey



.1}'(,4:)7 - e"LHft l]}(O})

(et b =gt YBD, =7 2L - 1)
ove eng,mr]»unmm ud. H)

Yeo)= h=Lo)= (, Z et ye) + ﬁ C¥p- %))

ﬁ("*‘\' ]‘J’L)
Yt) =g” ‘Ft(ﬁ Oht ‘J(?—))

for €79

B
s le S htfoT % b
o Ay Lt
= L|)+ﬁ€ (-I)

NIEA
})wbl;i )o»Jc Lme € 4o he on site B st C¥gl=Lu))

bep) = |L1}glw+ug))|
(hwt
<r€ AT 2l c-,))

L _[kwt i kwt
(ge 7T 56’(*_)
= (%:L sin wt)”

—Lunwt



4. (20 points total) A particle, with mass m_is confined to a two dimensional reg

fingular box of length 2a along
the x axis, and a along the y axis. That is, the potential energy is 0 if 0 < 2 4

20 and 0 < y < a, and is infinite

otherwise. [
(a) (10 points) Calculate the grﬁul state and first excited state \\'A' fungfions and their corresponding energies.
For this part of the problem, yu do not need to consider the purli('lv'M.

(b) (10 points) Consider thefame situation but with the addition of a second identical particle. Both particles are
spin 1/2 fermions. Caleulayf the total ground state energy #hid two particle wave unction. 1 his wave function should
include the spin.
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5. (20 points)
Two spin 1/2 particles are prepared in the state |—>—) that is, each spiyfis in an eigenstate of its S, operator with

eigenvalue /2/2. This is analogous to the notation [11) representing eaclfspin being in an eigenstate ol its S, operator
WItIL cigenvarue fi/2.

What is the probability that the system will be observed lm( stafe |sm) where s is the total angular momentuymy,
and m is the total angular momentum in the z direction. I nulwlnnlnlnlnu‘s for all four pgssible states.
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